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a b s t r a c t

In the present paper, the construction process of the optimal quadrature formulas
for weighted integrals is presented in the Sobolev space L̃(m)

2 (0, 1] of complex-valued
periodic functions which are square integrable with mth order derivative. In particular,
optimal quadrature formulas are given for Fourier coefficients. Here, using these optimal
quadrature formulas the approximation formulas for Fourier integrals

∫ b
a e2π iωxf (x)dx

with ω ∈ R are obtained. In the cases m = 1, 2 and 3, the obtained approximation
formulas are applied for reconstruction of Computed Tomography (CT) images coming
from the filtered back-projection method. Compared with the optimal quadrature
formulas in non-periodic case, the approximation formula for the periodic case is much
simpler, therefore it is easy to implement and costs less computation.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

The Fourier transforms are widely used in science and technology, particularly, in the problems of Computed Tomog-
aphy (CT). It is well-known that when complete continuous X-ray data are available, CT images can be reconstructed
xactly using the filtered back-projection formula (see, for instance, [1–3]). This formula consequentially uses the Radon
ransform, the Fourier transforms and the back-projection formula. Fourier transforms play an important role in the
iltered back-projection method of CT image reconstruction. Since in practice we have finite discrete values of the Radon
ransform, we have to approximately calculate the Fourier transforms in the filtered back-projection method of CT.
herefore, one has to consider the problem of approximate calculation of the integral

I(f , ω) =

∫ b

a
e2π iωxf (x)dx (1.1)

ith ω ∈ R. Such type of integrals are called the integrals with highly or strongly oscillating integrands. In most cases it is
mpossible to get the exact values of such integrals. They are mainly computed by special effective numerical methods.
ne of the first numerical integration formula for the integral (1.1) was obtained by Filon [4] in 1928, using a combination
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of second degree polynomials. Then for integrals of different types of highly oscillating integrands many special effective
methods have been developed (see, for example, [5–13], for more review see [14–16] and references therein).

We consider the Sobolev space L(m)
2 [a, b] of complex-valued functions f defined on the interval [a, b], which possess

n absolute continuous (m − 1)-st derivative on [a, b] and whose mth order derivative is square integrable [17,18]. The
pace L(m)

2 [a, b] under the pseudo-inner product

⟨f , g⟩m =

∫ b

a
f (m)(x) ḡ (m)(x)dx, (1.2)

is a Hilbert space if we identify functions that differ by a polynomial of degree (m−1) (see, for example, page 213 of [19]).
Here, in (1.2), f (m) is the mth order derivative of the function f and ḡ is the complex conjugate to the function g . We note
hat every element of the space L(m)

2 [a, b] is a class of functions which differ from each other by a polynomial of degree
m − 1). The semi-norm of the function f is correspondingly defined by the formula

∥f ∥L(m)
2 [a,b] = ⟨f , f ⟩1/2m .

urthermore, we deal with the corresponding Sobolev space L̃(m)
2 (a, b] of periodic complex-valued functions from the

pace L(m)
2 [a, b] with period T = b − a. Notice that every element of the space L̃(m)

2 (a, b] satisfies the following condition
f T -periodicity

f (x + Tβ) = f (x), x ∈ R, β ∈ Z

nd is a class of functions f which differ from each other by a constant term.
It should be noted that in [20,21] and [22], based on Sobolev’s method, the problem of construction of optimal

uadrature formulas in the sense of Sard for numerical calculation of integral (1.1) with integer ω was solved in Hilbert
paces L(m)

2 and W (m,m−1)
2 , respectively. Recently, in the works [23,24], optimal quadrature formulas for approximation

f Fourier integrals (1.1) with real ω were constructed in the Sobolev space L(m)
2 [a, b]. The obtained optimal quadrature

ormulas were applied to reconstruct the X-ray Computed Tomography image by approximating Fourier transforms.
We notice that optimal quadrature formulas for approximate integration of the Fourier coefficients (1.1) with integer
in the Sobolev space L̃(m)

2 of periodic functions were obtained by Shadimetov [25,26].
The aim of the present work is to get approximation formulas for numerical calculation of the integral (1.1) with real
using optimal quadrature formulas for Fourier coefficients constructed in [25, Theorem 1] and [26, Corollary 2] in the

obolev space L̃(m)
2 (0, 1] of complex-valued periodic functions, then to apply the approximation formulas for numerical

econstruction of CT images employing the filtered back-projection method.
The rest of the paper is organized as follows. In Section 2 the construction process of the optimal quadrature formulas

or weighted integrals is presented in the Sobolev space L̃(m)
2 (0, 1]. In particular, for Fourier coefficients

∫ 1
0 e2π iωxf (x)dx

ith ω ∈ Z, the optimal quadrature formulas are given. In Section 3, Using these optimal quadrature formulas the
pproximation formulas for numerical calculation of the Fourier integrals (1.1) with real ω are obtained. In Section 4, the
btained approximation formulas for the cases m = 1, 2 and 3 are applied to reconstruct CT images by approximating
ourier transforms in the filtered back-projection method.

. Optimal quadrature formulas for weighted integrals in the Sobolev space of periodic functions

For functions f of the space L̃(m)
2 (0, 1] we consider a quadrature formula for the weighted integrals with a weight

unction p(x) in the following form∫ 1

0
p(x)f (x)dx ∼=

N∑
k=1

Ckf (hk), (2.1)

here p(x) = v(x) + iw(x) is a 1-periodic integrable function, parameters Ck = Vk + iWk, k = 1, 2, . . . ,N , are coefficients
f the quadrature formula, h = 1/N and N ∈ N.
The difference

(ℓ, f ) =

∫ 1

0
p(x)f (x)dx −

N∑
k=1

Ckf (hk)

=

∫ 1

0
ℓ(x)f (x)dx (2.2)

s called the error of the quadrature formula (2.1) and gives the value of the error functional ℓ at the function f . The error
functional ℓ has the following representation:

ℓ(x) = p(x) −

N∑
k=1

Ck

∞∑
β=−∞

δ(x − β − hk), (2.3)

here δ is the Dirac delta-function.
2
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Since the error functional ℓ is defined on the space L̃(m)
2 (0, 1], due to the fact that any periodic algebraic polynomial is

a constant [17, p. 683] the following condition should be imposed

(ℓ, 1) = 0. (2.4)

This condition does not depend on m. This equality means exactness of the quadrature formula (2.1) for constant terms
and it is equivalent to the following equality:

N∑
k=1

Ck =

∫ 1

0
p(x)dx. (2.5)

t is clear that the coefficients Ck are variable parameters of the quadrature formula (2.1). A quadrature formula of the
orm (2.1) which has the error functional with the minimum norm by coefficients Ck for a given number N of the nodes
s called the optimal quadrature formula in the space L̃(m)

2 (0, 1].
We note that in this section for completeness we give construction of the optimal quadrature formula (2.1) in the space

˜(m)
2 (0, 1] of 1-periodic complex-valued functions based on the results of the work [26]. Further, we also use a concept of
unctions of a discrete argument and the corresponding operations (see [17] and [18]).

The function f (hk) is a function of discrete argument if it is given on some set of integer values of k, where h is a small
ositive parameter. The convolution of two discrete argument functions f (hk) and g(hk) is defined as

f (hk) ∗ g(hk) =

∞∑
l=−∞

f (hl)g(hk − hl).

ere we use the discrete analogue Dm(hk) of the differential operator d2m

dx2m
, which has the following form [27]:

Dm(hk) =
(2m − 1)!

h2m

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑
n=1

Anq|k|−1
n for |k| ≥ 2,

1 +

m−1∑
n=1

An for |k| = 1,

−22m−1
+

m−1∑
n=1

An
qn

for k = 0,

(2.6)

here An =
(1−qn)2m+1

E2m−1(qn)
, E2m−1(x) is the Euler–Frobenius polynomial of degree (2m − 1), qn are the roots of the

uler–Frobenius polynomial E2m−2(x) with |qn| < 1 and h is a small positive parameter.
The Euler–Frobenius polynomials Ek(x) =

∑k
s=0 asx

s of degree k are defined as (see [28])

Ek(x) =
(1 − x)k+2

x

(
x
d
dx

)k x
(1 − x)2

, k = 0, 1, 2, . . .

nd the coefficients of this polynomial are expressed by the following formula which was obtained by Euler:

as =

s∑
j=0

(−1)j
(
k + 2

j

)
(s + 1 − j)k+1, s = 0, 1, . . . , k.

e remind the following properties of the operator Dm(hk) from [17,26,27]:

hDm(hk) ∗ (hk)α = 0, α < 2m, (2.7)
hDm(hk) ∗ B2m(hk) = Φ(hk) − h, (2.8)

here

B2m(x) =

∑
β ̸=0

e−2π iβx

(2π iβ)2m
(2.9)

s the Bernoulli polynomial of degree 2m, Φ(hk) =
∑

∞

γ=−∞
δd(hk − γ ) and

δd(hk − γ ) =

{
1, hk − γ = 0,
0, hk − γ ̸= 0.

lso for a discrete argument function g(hk) the following equality is known (see, for instance, [26])

g(hk) =
(
g(hk)χ(0,1](hk)

)
∗Φ(hk), (2.10)

here χ(0,1](hk) is the discrete argument function corresponding to the characteristic function χ(0,1](x) of the interval
(0, 1].
3
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Next, in this section, for construction of the optimal quadrature formula (2.1) in the space L̃(m)
2 (0, 1], first the extremal

unction of the error functional ℓ is found, then using this extremal function the norm of the error functional is calculated,
ext minimizing this norm by coefficients the system of linear equations is obtained, and uniqueness of the solution for
his system is discussed. Finally, using properties of the discrete analogue Dm(hk) of the differential operator d2m

dx2m
, the

following results are obtained.

Theorem 1. Among all quadrature formulas of the form (2.1) with the error functional (2.3) in the space L̃(m)
2 (0, 1] of 1-

periodic complex-valued functions there exists a unique optimal quadrature formula with coefficients having the following
representation:

C̊k = h
∫ 1

0
p(x) (1 + Dm(hk)∗B2m(x − hk)) dx, k = 1, 2, . . . ,N, (2.11)

where Dm(hk) is the discrete analogue of the differential operator d2m

dx2m
, B2m(x) is the Bernoulli polynomial of degree 2m defined

y (2.9).

orollary 1. For p(x) = e2π iωx with ω ∈ Z\{0} the coefficients of optimal quadrature formulas (2.1) with the error functional
(2.3) have the form

C̊k = h
(
sinπωh
πωh

)2m (2m − 1)!e2π iωhk

2
∑m−2

l=0 al cos[2πω(m − 1 − l)] + am−1
, (2.12)

where

al =

l∑
j=0

(−1)j
(
2m
j

)
(l + 1 − j)2m−1

is the coefficients of the Euler–Frobenius polynomial E2m−2(x) of degree (2m − 2).

Corollary 2. Theorem 1 implies that for p(x) = 1 the rectangular quadrature formula is the optimal one in the space L̃(m)
2 (0, 1]

of 1-periodic complex-valued functions as in the space of 1-periodic real-valued functions [17] and the coefficient have the form

C̊k = h, k = 1, 2, . . . ,N. (2.13)

Now we start construction of the optimal quadrature formula (2.1) in the space L̃(m)
2 (0, 1] of 1-periodic complex-valued

functions.

2.1. An extremal function and the norm of the error functional for the quadrature formula (2.1)

In order to find the explicit form for the norm of the error functional ℓ in the space L̃(m)
2 (0, 1] we use its extremal

function. The element u of the space L̃(m)
2 (0, 1] is said to be the extremal function for the given functional ℓ if the following

equality holds [17]:

(ℓ, u) = ∥ℓ∥L̃(m)∗
2 (0,1]∥u∥L̃(m)

2 (0,1],

where L̃(m)∗
2 is the conjugate space to L̃(m)

2 .
Since L̃(m)

2 (0, 1] is a Hilbert space with the inner product (1.2) then by the Riesz theorem on general form of a
linear continuous functional on Hilbert spaces, for the error functional ℓ ∈ L̃(m)∗

2 (0, 1] there exists a unique function
ψℓ ∈ L̃(m)

2 (0, 1] (up to constant terms) such that for any f ∈ L̃(m)
2 (0, 1] the following equality is fulfilled

(ℓ, f ) = ⟨ψℓ, f ⟩m. (2.14)

Moreover, the equality ∥ℓ∥L̃(m)∗
2 (0,1] = ∥ψℓ∥L̃(m)

2 (0,1] holds. In particular, from (2.14) when f = ψℓ, we have

(ℓ, ψℓ) = ⟨ψℓ, ψℓ⟩m = ∥ψℓ∥
2
L̃(m)
2 (0,1]

= ∥ℓ∥2
L̃(m)∗
2 (0,1]

.

It is clear that the solution of Eq. (2.14) is the extremal function ψℓ. Thus, in order to get the norm of the error functional
we should find the extremal function ψℓ from Eq. (2.14). We calculate the square of the norm of the error functional as

∥ℓ∥2
L̃(m)∗
2 (0,1]

= (ℓ, ψℓ). (2.15)

Therefore, we solve equation (2.14). Integrating by parts the expression on the right hand-side of (2.14) and taking into
account the periodicity of functions f and ψℓ, we have∫ 1

ℓ(x)f (x)dx =

∫ 1

(−1)mψ̄ (2m)
ℓ (x)f (x)dx.
0 0

4
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This means that the extremal function ψℓ is a solution of the equation

ψ̄
(2m)
ℓ (x) = (−1)mℓ(x). (2.16)

Hence we have the following.

Lemma 1. For a periodic integrable function p(x) = v(x)+ iw(x) the extremal function ψℓ of the error functional ℓ, satisfying
quation (2.16), is determined by the formula

ψℓ(x) = (−1)m
(∫ 1

0
p̄(t)B2m(x − t)dt −

N∑
k=1

C̄kB2m(x − hk) + d0

)
, (2.17)

here d0 is a constant, p̄(x) and C̄k are complex conjugates of p(x) and Ck, respectively, and B2m(x) is the Bernoulli polynomial
efined by (2.9).

The proof of Lemma 1 is similar to the proof of Lemma 1 of [26].
Now, from (2.15), using (2.3) and (2.17), and taking into account the periodicity of p(x) and B2m(x), after some

alculations we get

∥ℓ∥2
L̃(m)∗
2 (0,1]

=

∫ 1

0
ℓ(x)ψℓ(x)dx = (−1)m

(
N∑

k=1

N∑
k′=1

CkC̄k′B2m(hk − hk′)

−

N∑
k=1

∫ 1

0

(
C̄kp(x) + Ckp̄(x)

)
B2m(x − hk)dx +

∫ 1

0

∫ 1

0
p(x)p̄(t)B2m(x − t)dxdt

)
.

ence, keeping in mind that Ck = Vk + iWk and p(x) = v(x) + iw(x), we have

∥ℓ∥2
L̃(m)∗
2 (0,1]

= (−1)m
(

N∑
k=1

N∑
k′=1

(VkVk′ + WkWk′) B2m(hk − hk′)

− 2
N∑

k=1

∫ 1

0
(Vkv(x) + Wkw(x)) B2m(x − hk)dx +

∫ 1

0

∫ 1

0
(v(x)v(t) + w(x)w(t)) B2m(x − t)dxdt

)
, (2.18)

here based on equality (2.5), for Vk and Wk, k = 1, 2, . . . ,N , we get the following conditions:
N∑

k=1

Vk =

∫ 1

0
v(x)dx,

N∑
k=1

Wk =

∫ 1

0
w(x)dx. (2.19)

.2. Minimization of the norm of the error functional ℓ

Now we search the minimum of the expression (2.18) by Vk and Wk, k = 1, 2, . . . ,N , under the conditions (2.19). As
sual for this we consider the Lagrange function

Λ(V,W, λ1, λ2) = ∥ℓ∥2
L̃(m)∗
2 (0,1]

+ 2(−1)m
(
λ1

(
N∑

k=1

Vk −

∫ 1

0
v(x)dx

)
+ λ2

(
N∑

k=1

Wk −

∫ 1

0
w(x)dx

))
,

here V = (V1, . . . , VN ) and W = (W1, . . . ,WN ).
Equating partial derivatives of the function Λ(V,W, λ1, λ2) by Vk, Wk, k = 1, 2, . . . ,N , λ1 and λ2 to zero, we get the

ollowing two separate systems of linear equations for Vk, λ1 and Wk, λ2, respectively:
N∑

k=1

VkB2m(hk′
− hk) + λ1 =

∫ 1

0
v(x)B2m(x − hk′)dx, k′

= 1, . . . ,N, (2.20)

N∑
k=1

Vk =

∫ 1

0
v(x)dx (2.21)

and
N∑

k=1

WkB2m(hk′
− hk) + λ2 =

∫ 1

0
w(x)B2m(x − hk′)dx, k′

= 1, . . . ,N, (2.22)

N∑
Wk =

∫ 1

w(x)dx. (2.23)

k=1 0

5
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The existence and uniqueness of solution of the systems (2.20)–(2.21) and (2.22)–(2.23) are proved similarly to the
existence and uniqueness of solution of the system (16)–(17) from the work [26].

Hence, multiplying both sides of equalities (2.22) and (2.23) by i and adding to both sides of (2.20) and (2.21),
espectively, we get the following system for Ck = Vk + iWk, k = 1, 2, . . . ,N and λ = λ1 + iλ2:

N∑
k=1

CkB2m(hk′
− hk) + λ =

∫ 1

0
p(x)B2m(x − hk′)dx, k′

= 1, . . . ,N, (2.24)

N∑
k=1

Ck =

∫ 1

0
p(x)dx. (2.25)

The solution C̊k, k = 1, 2, . . . ,N , and λ̊ of the system (2.24)–(2.25) are optimal coefficients of the quadrature formula (2.1)
and the corresponding Lagrange multiple.

2.3. Coefficients of the optimal quadrature formula of the form (2.1)

Further, we solve the system (2.24)–(2.25). Therefore we rewrite the system (2.24)–(2.25) in the convolution form as
follows:

B2m(hk) ∗ (Ckχ(0,1](hk)) + λ =

∫ 1

0
p(x)B2m(x − hk)dx, k = 1, . . . ,N, (2.26)

N∑
k=1

Ck =

∫ 1

0
p(x)dx. (2.27)

Applying the operator hDm(hk)∗ to both sides of Eq. (2.26) we have

hDm(hk) ∗
(
B2m(hk) ∗ (Ck χ(0,1](hk)) + λ

)
= hDm(hk) ∗

∫ 1

0
p(x)B2m(x − hk)dx, k = 1, . . . ,N. (2.28)

Using the equalities (2.7), (2.8) and (2.10), for optimal coefficients from (2.28) we get the following:

Ck − h
N∑

k=1

Ck = hDm(hk) ∗

∫ 1

0
p(x)B2m(x − hk)dx.

Hence, taking (2.27) into account, we get (2.11) which is the analytic formula for coefficients of the optimal quadrature
formula (2.1) in the space L̃(m)∗

2 (0, 1] as it was stated in Theorem 1.

2.4. Optimal quadrature formulas for Fourier coefficients for the interval (0, 1]

Further we consider the case p(x) = e2π iωx with ω ∈ Z\{0}, then from (2.11), using (2.9), we have

C̊k = h
∫ 1

0
e2π iωx

⎛⎝1 + (−1)m
∑
γ ̸=0

e−2π iγ x

(2πγ )2m
Dm(hk)∗e2π iγ hk

⎞⎠ dx

= h

⎛⎝∫ 1

0
e2π iωxdx + (−1)m

∑
γ ̸=0

1
(2πγ )2m

∫ 1

0
e2π i(ω−γ )xdx Dm(hk)∗e2π iγ hk

⎞⎠
ence, keeping in mind the equalities∫ 1

0
e2π iωxdx = 0,

∫ 1

0
e2π i(ω−γ )xdx =

{
1, ω = γ ,

0, ω ̸= γ

or ω ∈ Z\{0}, we have

C̊k =
(−1)mh
(2πω)2m

Dm(hk) ∗ e2π iωhk, k = 1, 2, . . . ,N. (2.29)

ow we calculate the convolution in (2.29)

Dm(hk) ∗ e2π iωhk =

∞∑
γ=−∞

Dm(hγ )e2π iω(hk−hγ ).

ence by direct calculations of the last expression and putting the result to (2.29), we get (2.12) which was presented in
orollary 1.
6
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3. An approximation formula for Fourier integrals in the interval [a,b]

Here we obtain an approximation formula for numerical computation of the integral (1.1) with ω ∈ R for functions of
the space L(m)

2 [a, b].
In the previous section for the integral

∫ 1
0 e2π iωxf (x)dx with ω ∈ Z in the space L̃(m)

2 (0, 1] we have obtained the optimal
quadrature formula (OQF) of the form (2.1) with the weight function p(x) = e2π iωx, and with coefficients (2.12) and (2.13).
One of the expansions of these optimal quadrature formulas for the case ω ∈ R is an approximation formula which is
obtained by supposing the coefficients (2.12) as continuous functions with respect to real ω. Then for a function f of the
space L(m)

2 [a, b], using Corollaries 1 and 2, we get the following approximation formula:∫ b

a
e2π iωxf (x)dx ∼=

N∑
k=0

Ck,ω[a, b]f (xk) (3.1)

where

C0,ω[a, b] =
h
2
Kω,me2π iωa,

Ck,ω[a, b] = hKω,me2π iω(hk+a), k = 1, 2, . . . ,N − 1, (3.2)

CN,ω[a, b] =
h
2
Kω,me2π iωb

are coefficients, xk = hk + a, k = 0, 1, . . . ,N , are nodes of the formula (3.1), ω ∈ R, i2 = −1, h = (b − a)/N with N ∈ N
and

Kω,m =

⎧⎪⎪⎨⎪⎪⎩
( sinπωh

πωh

)2m (2m−1)!

2

m−2∑
l=0

al cos[2πωh(m−1−l)]+am−1

for ω ∈ R\{0},

1 for ω = 0,

(3.3)

here al are the coefficients of the Euler–Frobenius polynomial of (2m − 2) degree.

emark 1. It should be noted that for ω = 0 from approximation formula (3.1) with coefficients (3.2) we get the
rapezoidal quadrature formula which is optimal in the Sobolev space L(1)2 [a, b] of non-periodic functions and in the
obolev space L̃(m)

2 [a, b] of periodic functions [17,18,29].

. Application of the approximation formulas for reconstruction of CT images

Algorithm 1 Pseudo code for CT image reconstruction using the approximation formula (3.1).
1: A given projection data (sinogram):

P(t, θ ) =

∫
ℓt,θ

f (x, y)ds, 0 ≤ θ ≤ π, a ≤ t ≤ b.

2: Numerical calculation of the Fourier transform S(ω, θ ) of P(t, θ ) using the approximation formula (3.1):

S(ω, θ ) ∼= S(ω, θk) =

M∑
m=0

Cm,−ωP(tm, θk), ω ∈ R.

3: Numerical computation of the inverse Fourier transform Q (t, θ ) of S(ω, θ )|ω| using the approximation formula (3.1):

Q (t, θ ) ∼= Q (t, θk) =

N∑
n=0

Cn,tS(ωn, θk)|ωn|, t ∈ R.

4: Backprojection to reconstruct the CT image:

f (x, y) =

∫ π

0
Q (t, θ )dθ ∼=

π

K

K−1∑
k=0

Q (t, θk).

In this section we apply the approximation formula (3.1) with coefficients (3.2) for reconstruction of CT images based
on the filtered back-projection method.
7
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w
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Fig. 1. Original phantom images of size 128 × 128: checkerboard (left) and the Shepp–Logan (right).

Fig. 2. Reconstructed CT image using the MATLAB built-in function iradon: checkerboard (left) and the Shepp–Logan (right).

The problem of CT is to reconstruct the function µ(x, y) from its Radon projections

P(t, θ ) =

∫
∞

−∞

∫
∞

−∞

µ(x, y)δ(x cos θ + y sin θ − t)dxdy,

here δ denotes the Dirac delta-function. The simplest projection P(t, θ ) is a collection of parallel ray integrals along a
ine ℓt,θ : x cos θ + y sin θ = t perpendicular to a unit vector (cos θ, sin θ ) with the distance t to the origin for a constant
θ . This is known as a parallel beam projection. There are fan-beam in 2D and cone-beam in 3D projections [1–3].

It should be noted that we have analytic and iterative methods for CT reconstruction. One of the widely used analytic
methods of CT reconstruction, as was mentioned in the Introduction, is the filtered back-projection method. It can be
modeled by

µ(x, y) =

∫ π

0

∫
∞

−∞

S(ω, θ ) |ω| e2π iω(x cos θ+y sin θ )dωdθ, (4.1)

where

S(ω, θ ) =

∫
∞

−∞

P(t, θ )e−2π iωtdt (4.2)

is the 1D Fourier transform of P(t, θ ). The inner integral of (4.1) can be regarded as a 1D inverse Fourier transform of the
product S(ω, θ ) |ω|, i.e.,

Q (t, θ ) =

∫
∞

−∞

S(ω, θ )|ω|e2π iωtdω, (4.3)

which represents a projection filtered by a 1D filter whose frequency representation is |ω|. The outer integral performs
back-projection. Therefore, the filtered back-projection consists of two steps: filtration and then back-projection.

In practical implementation of the filtered back-projection method (4.1)–(4.3) we have finite discrete values of the
Radon transform. Therefore, we can give an algorithm (see, Algorithm 1) for approximate reconstruction of CT images
based on the approximation formula (3.1) with coefficients (3.2). As we can see in the pseudo code of Algorithm 1, the
approximation formula (3.1) is applied in Steps 2 and 3 for numerical calculation of the Fourier transforms.

Two simulated phantoms, a checkerboard (CB) and the Shepp–Logan (SL), are used for the numerical experiment
(Fig. 1). To generate the sinograms, half rotation sampling with sampling angle 1◦ is adopted for the phantom image
of size 128 × 128. For the comparison of performance of the proposed algorithm, a built-in function iradon of MATLAB
(version: MATLAB 2019a) is used and the reconstructed image of iradon is given in Fig. 2.
8
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n

w

Table 1
Quantitative image analysis for the CT image reconstruction for Checkerboard image. All
metrics are compared with those of iradon.
Checkerboard iradon m = 1 m = 2 m = 3

Emax 0.3058 0.3615 0.2965 0.2832
MSE 0.0022 0.0044 0.0017 0.0016
PSNR 26.6692 23.6016 27.6976 28.0568

Table 2
Quantitative image analysis for the CT image reconstruction for the Shepp–Logan
phantom. All metrics are compared with those of iradon.
Shepp–Logan iradon m = 1 m = 2 m = 3

Emax 0.3601 0.3960 0.3357 0.3307
MSE 0.0036 0.0042 0.0028 0.0026
PSNR 24.4305 23.7804 25.5892 25.8492

Fig. 3. Results of the proposed algorithm using the approximation formula (3.1) of the first order (first column), of the second order (second column),
and of the third order (third column) for the checkerboard: the reconstructed images (top) and the profile lines for comparison (bottom).

For the image quality analysis, we compare maximum error (Emax), mean squared error (MSE), and the peak signal-to-
oise ratio (PSNR):

Emax(I) = max
i,j

|I(i, j) − Iref (i, j)|,

MSE(I) =
1
mn

m∑
i=1

n∑
j=1

|I(i, j) − Iref (i, j)|2 ,

PSNR(I) = 10 log10

(
I2max

MSE(I)

)
,

here Imax is the maximum pixel value of the image I . Images of original simulated phantoms are used for Iref (Fig. 1).
Figs. 3 and 4 show the results of CT image reconstruction using the proposed algorithm for a checkerboard image and

Shepp–Logan phantom, respectively. Compared with Fig. 2, the proposed algorithm also produces the clean reconstructed
images for the approximation formulas of m = 1, 2, and 3. As shown in Figs. 3 and 4, the approximation formulas produce
the clean reconstructed images, which have the same structures with the results of iradon (Fig. 2). Tables 1 and 2 show
Emax, MSE, and PSNR for the reconstruction results of approximation algorithms for a checkerboard image and the Shepp–
Logan phantom, respectively. The higher the value of m, the better the image quality and for the cases m ≥ 2, all metrics
are better than those of iradon results for both phantom.

In [24], the optimal quadrature formulas were constructed for numerical integration of the Fourier integral (1.1) in the
Sobolev space L(m)

2 [a, b] of complex-valued non-periodic functions. The optimal quadrature formulas of the cases m = 2
and m = 3 were applied for reconstruction of Computed Tomography images. Compared with the optimal quadrature
formulas in non-periodic case, the approximation formula (3.1) with coefficients (3.2) for the periodic case is much
simpler, therefore it is easy to implement and costs less computation even though both provide the similar performances
(see Section 3 of [24]).
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R
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Fig. 4. Results of the proposed algorithm using the approximation formula (3.1) of the first order (first column), of the second order (second column),
and of the third order (third column) for the Shepp–Logan phantom: the reconstructed images (top) and the profile lines for comparison (bottom).
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